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ON LOCALIZATION OF CONTACT SURFACES
IN MULTIFLUID HYDRODYNAMICS

V. S. Surov UDC 532.529.5

Within the framework of the unified-equilibrium model of a multicomponent mixture that accounts for the
forces of interfractional interaction, the problem of localization of contact surfaces is solved numerically in
Euler variables. A finite-volume conservative scheme with the approximate Riemann solver HLLC was used in
the calculations.

Keywords: single-velocity multicomponent medium, contact boundaries, approximate Riemann solver HLLC, nu-
merical simulation.

Introduction. There are several approaches described in the literature, with the use of which in Euler vari-
ables the problem of determining the positions of contact boundaries between different ideal compressible fluids is
solved. In some of these, interfaces are modeled by weightless markers moving in space [1], in others the methods of
VOF [2], level set [3], concentrations [4, 5], etc. are used to fix contact boundaries.

We will consider briefly the techniques of localization of contact boundaries available in the literature. To
simplify the representation, we will restrict the consideration to a one-dimensional approximation.

In the Y model [6] the following equations that describe the joint motion of two media are given:
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where e = £+§u2 is the specific total energy of the mixture; Y; is the mass portion of the ith fraction (i = 1, 2).

System (1)—(2) is considered together with the equation of state of the mixture:
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which coincides with the equation of state of an ideal gas. To calculate v, the following expression is used:
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where c,; is the heat capacity of the ith gas at a constant volume; 7; is the adiabatic index, and Y, = 1—Y7. In the
limiting cases, where Y| = 1 or Y; = 0, expressions (1)—(4) are reduced to the corresponding relations for "pure" gases
with the adiabatic indices y; and 7V,. It can be easily verified that the system of equations (1)—(2) relates to the hyper-
bolic type. The roots of the characteristic equation are the real numbers Ay = u—c, Ay = A3 = u, and Ay = u+c,
where
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Fig. 1. Dependences of p/pg (a), p/pgo (b), and 7y (c) on u according to the y
model (solid curves) and the ideal gas model (dashed) curves.
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The sphere of application of the Y model is limited to mixtures of ideal gases.
In the Y model (see [6]) it is possible to calculate the joint motion of not only ideal gases, but also of media
described with the use of more complex equations of state. In [7] the ¥ model was used for media with the Van der

Waals equations of state and in [8] with the Mie—-Gruneisen equations of state, etc. For ideal gases Eq. (2) is replaced
by the so-called "topological" equation:

dy, 9y_ 6
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i.e., it is assumed that the adiabatic index 7y is a variable quantity (y; <Y< 7, if V1 <7Y2; Y2<Y<7 in the opposite
case). System (1) and (6) is hyperbolic with the roots of the characteristic equation A; = u—c, Ay = A3 = u, and A4

= u+ c, where
con2 @)
P

In a number of cases the y model yields acceptable results; however, for gases with greatly differing densities, sub-
stantial errors in calculations of the parameters in the vicinity of contact boundaries are possible. As an example, we
will consider the limiting case, viz., we will calculate the reflection of a shock wave propagating from a rigid wall
through a stationary gas (y = 1.4, pg = 1.24 kg/m3, po = 107 Pa).
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Figure 1 presents the dependences of the dimensionless pressure, density, as well as of ¥ on u in the shock
wave reflected from a barrier. The dependences were calculated by the Y model and the model of an ideal gas, and
they show that with increase in the velocity behind the incident wave front the error in the determination of the pa-
rameters behind the reflected shock wave increases when the ¥ model is used. To exclude such kinds of results, it was
suggested in [6] to replace Eq. (6) by the expression

Y oy _ (8)
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The use of these equations excludes the possibility of a change in v in reflected shock waves. In [9], more complex
modifications of Eqs. (8) and (9) were suggested.

In the oo model [10], the key role is played by the volume concentration of one of the fractions. The equa-
tions of the model include the laws of mass, momentum, and energy concentration for a mixture as a whole (1), as
well as
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where o; and p? are the volume concentration and the true density of the ith fraction of the mixture (i = 1, 2). Rela-
tion (10) represents the mass conservation law for the 1st fraction of the mixture, whereas Eq. (11) is an analog of
the topological equation (6) of the previous model. It should be noted that Eq. (11) has no strict physical justification.
Bearing in mind the equality € = €(p, p, p(l), o), we can show that the system of equations (1), (10)—(11) is hyper-
bolic with the roots of the characteristic equation:

7\.1:M_C, 7L2:}L3:7\.4:u, }\«5=u+c,

where
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If, in describing the behavior of the mixture components, we use the equation of state of the form
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where v;, psj, cs+; are constants of the ith fraction which account for its individual properties, then the expression for
the specific internal energy of the mixture will take the form

1 0 14
e=1;[b2+p32+0c1 (pBlz—d12p1+b12)}—d2, (14)
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Fig. 2. Dependences of the speed of sound on o in the mixture: a) air—hydro-
gen; b) air-helium; c) air-water. Calculations by the o model, open circles; by
the modified o model, black squares; by the UE model, solid curves.

where
2 2
by=dips1; by=dypsys byp=b;=b,.

Figure 2 presents the graphs of the dependences of the speeds of sound on ¢/ in the air-hydrogen, air-he-
lium, and air—water mixtures; the graphs were calculated by the o model and the unified equilibrium (UE) model (see
below). It is seen from this figure that for a mixture of gases the speeds of sound in both models are close. However,
if we consider the water—air mixture, the results of the computation of the speeds of sound differ substantially. It
should be noted that the values of the speed of sound calculated within the frame of the UE model agree well with
experiment.

Due to the difference between the calculated values for the speed of sound in gas-liquid mixtures with experi-
ment, the o0 model was modified in [11]. Instead of Eq. (11) the following relation was suggested:

20, do, u

+u =A—, (15)
ot ox ox
where
02 02
Ao P2cy = P16
- 02 02 (16)
Pi1c1  P2cy
—+—
o %%}

552



For the two-term equation of state (13) used in describing the properties of fluids, the speeds of sound in Eq. (16) are

determined as
. (p + p..:
e /Y, @ Op*,)' a7
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Here p.; = p*iczi/y,-. The system of equations (1), (8), and (15) is also related to a hyperbolic type with the roots of
the characteristic equation Ay = u—c, Ap = A3 = Ay, and A5 = u +c, where
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For a particular case of the equations of state in the form of Eq. (13), Eq. (18) will be rewritten as

:\/b2+p(1 +By) + (A + ) (b, +PpB) (19)
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In Fig. 2c¢ the dependence of the speed of sound on o calculated with the use of Eq. (19) is denoted by
open circles; it appears to be close to that obtained by the UE model (the solid curve).

Calculation of the Motion of Contact Boundaries within the Framework of the UE Model. Many diffi-
culties connected with the use of the above-described approaches can be avoided by using the UE model, which ac-
counts for the forces of interfractional interaction (see [12]). The UE model does not involve any "nonphysical"
equations of the form of Eq. (6) or (11). For the UE model the problem is formulated as follows. It is required to
calculate the simultaneous flow of n different ideal compressible fluids separated from one another by contact bounda-
ries. The motions of each of the media that occupy some finite (not obligatorily connected) volumes VJ G=1, .., n
are described by the Euler equations. To solve the problem posed it is necessary that at the initial time (¢t = 0) the
volume concentrations of the fractions in a mixture satisfy the equalities oy = 8lj (Vx € Vj), where Szj is the Kronecker
delta function.

The equations that describe the joint motion of the media are as follows (see [12]):
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It is assumed that in describing the thermodynamic properties of each of the fractions the caloric equations of state are

used, which in the general case have the form g; = €(p, p?). The relation for the specific internal energy of the mix-
ture € is defined by the equality

n—1

0 0 1 0
€ (P, Py Oy, P oo Oy pn_1)=32aipisi. (22)
i=1

For one-dimensional flows system (20) will be rewritten in vector-matrix form as
—+A—=0, (23)

where
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As shown in [12], the system of equations (20) is hyperbolic with the roots of the characteristic equation A = u —c,
7\.2 = .. = 7»2,, = }Vc = u, and 7\'2n+1 =u+c.

If in describing the behavior of the mixture components we use the equation of state of the form of (13), then
the expression for the specific internal energy of the mixture (22) takes the form

n—1
1 0
5 N o; (pB, — diyp; + by, + pB,+ b, | —d, (24)
i=1

and the relation for the speed of sound, Eq. (21), is rewritten as
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where

554



B;=1/(y,=1); Bj,=B;=B,; di=C§iBi; di,=d;—d,; bj=dp.;; b, =b—b,.

We will consider a one-dimensional plane flow of a binary mixture consisting of an ideal gas with adiabatic
index Y and the second compressible component whose parameters are described with the use of the two-term equation
of state (13).

In calculation of mixture flows the following procedure was used. Since the first component of the mixture is
an ideal gas for which b; = 0, the equation of heat influx for this fraction, considered together with the continuity
equation for the mixture as a whole, is reduced to a divergent form:

e, 0
PO, I _

ot ox
B,
where @ = ln{i LO } Thus, if we introduce the vector V = (p, pu, pe, p1, p(pl)T, then the governing system of
P1{ P1
equations (23) with the parameters
p u p 0 0 O
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2
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subject to the equation of state (24), will take the form

v ary) _
ot ox

0. (26)

where V = (p, pu, pe, pi, p(pl)T, (V) = (pu, p+ puz, (p + pe)u, piu, p(plu)T. In the latter expression it is necessary to
go over from the "primary" variables U; to the new variables V;, which can be done by making use of the equalities
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The finite-volume scheme for the system in the divergent form (26) looks like

1k k k
Vi -V, . Wi o —Tlyn

At Ax

27

0.

If in calculating the flows through the faces of the cells one uses the approximate solver of the Riemann problem
HLL (see [13]) of the form
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then loss of accuracy occurs near the contact boundary. Substantially better results are attained, if instead of the HLL
one uses the approximate Riemann solver HLLC:

My, . if 4,20,
M1 . if A <0, A,20,
M1/ if <0, X520,
T} if 25<0,

k 28
= (28)

that takes into account the values of the parameters on the contact boundary. Conversely, in (28) the fluxes H(lf_l /2)—
and l'[(],-{_l s2)+ are defined using the following iteration procedure from [14]:
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The subscripts "+" and "—" stand for values of the parameters on the contact boundaries between the cells i — 1 and i

as well as between i and i+ 1 are from their left and right sides, respectively (see Fig. 3). Expressions (29) are the
finite-difference representations of the characteristic relations of the UE model.
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Fig. 4. Functions p(x) (a), u(x) (b), and p(x) (c) by the time instant + = 0.035:
numerical calculation, solid curves; exact solution, dashed curves; solution by
the CIR method, dashed-dotted curves.

The possibilities of the above-described numerical method applied for the localization of contact boundaries
will be considered using as an example the Riemann problem at the following values of the parameters at time 7 = 0:
"on the left" (x <0) from the contact boundary that separates different gases, —(p, u, p, y), = (500, 0, 1, 1.6); "on the
right" from it (x>0) (p, u, p, V), = (0.2, 0, 1, 1.4).

Figure 4 presents the data of numerical calculations for flows that were obtained by the time instant # = 0.035
(solid curves). The dashed curve represents the exact solution of the Riemann problem. The available discrepancy be-
tween the numerical and exact solutions is attributable to the absence of any correction of the parameters in the vicin-
ity of the contact boundary. The calculations were carried out using Egs. (27)—(29) in a "through" manner in contrast
to the procedures of the type of level set and Ghost in which the position of the contact boundary was reconstructed
in different ways. It should also be noted that the application of the "classical" finite-difference schemes in solving the
problems of the dynamics of multifluid media leads either to extremely distorted results or even to an emergency halt
of the program because of the strong pulsations of the values of the parameters near the contact boundary (when
using, for example, schemes of the McCormack or Lax—Wendroff types). As an example, Fig. 4 presents the distribu-
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tions of the pressure p(x), velocity u(x), and of the density p(x) obtained with the use of one of the modified Cou-
rant-Isaacson—-Rees schemes (CIR, see [13]):

ok k k
U - -k i1~

k k
i U, -U
i —1 .+ .k i i—1 30

+(Q Ag)i—l/27Ax =0, (30)
where AT = l(A * |A]). Computations were made on the same finite-difference grid and were obtained by the same

moment by w%lich the previous calculations were made. The matrices €, A, and Q7! from (30) have the form
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—¢> 0 1 I/n -1/ 0 u 0 0 0
Q=_.2 o 1 o0 o A=l o o u o0 o0
~1/p 0 0 1/n O 0 0 0 u O
0 pc 1 0 0 0 0 0 O u+c
(1, 1 4, 1)
2¢? ¢t 202
1o 0 L
2pc 2pc
'=l L o o o L |
2 2
Ao -A n A
2pc pc 2pc
g| g (902-1)31 £y
zpcz 1 pcz 1 2pC2

where iy = p{Gi; g1 = ou(1 - Gy).

Conclusions. Within the framework of the unified-equilibrium model of a multicomponent mixture the prob-
lem on the motion of multifluid media has been solved in Euler variables. The approximate Riemann solver HLLC
was described, which takes into account the values of the parameters on the contact boundary, the application of which
in the finite-volume scheme makes it possible to obtain nonoscillating solutions satisfactorily coinciding with the avail-
able exact values.

NOTATION

¢, adiabatic speed of sound in a mixture; c,;, a constant in the equation of state; F, mass force density; Jlj,
intensity of the conversion of mass from the ith fraction into the jth one in a unit volume of the mixture; p, pressure;
Qij» heat release per unit time per unit volume of the mixture occurring as a result of the conversion of ith fraction
into the jth one; Ry, quantity of heat per unit time per unit volume of the mixture entering into the ith fraction from
the jth one by radiation; #, time; u(u), vector (component) of velocity; x, spatial variable; oy, volume concentration of
ith fraction; V;, a constant of the equation of state; €, specific internal energy; p, density of the mixture; p?, true den-
sity of the ith fraction; p; = (xip?, reduced density of the ith fraction; p,;, a constant of the equation of state. Sub-
scripts and superscripts: 0, in a nonperturbed medium; ¢, L, and R, for the parameters at the contact discontinuity "on
the left" and "on the right" from it; k, time layer; (s), iteration number; 7, transposition operator.
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